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Adaptive Finite Volume Upwind Approach on Mixed
Quadrilateral-Triangular Meshes
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An adaptive cell-vertex finite volume upwind approach on unstructured mixed quadrilateral-triangular
meshes, where the quadrilaterals are directionally stretched in the flow regions having one-dimensional features,
has been developed to solve the unsteady Euler equations. In the present approach, the Runge-Kutta time
integration, Roe's Riemann solver, MUSCL differencing with characteristic interpolation variables, a new
treatment of the rotated extrapolation boundary condition, and a modified technique of the global/local
regeneration for directionally stretched meshes are included. By using different combinations of interpolation
variables, limiter functions, and numerical implementations of boundary conditions, a systematic study is made
to understand the characteristics of the current approach. In this work, the isolated oblique shock problem,
shock reflection at a wall, supersonic flow passing through a channel with a 4% circular arc bump, transonic
flows around single- and two-element airfoils, as well as the shock propagation in a channel are investigated. It
is concluded that the present solution procedure demonstrates good convergence performance and provides
accurate and high-resolution results for the steady and unsteady inviscid flows.

Introduction

I N recent years, significant attention has been given to the
development of numerical methods for solving the Euler

equations on unstructured meshes. Several impressive central-
difference-type schemes1'2 and upwind approaches3"5 were pre-
sented. Based on Roe's flux difference splitting,6 Earth and
Jespersen3 utilized multidimensional monotone linear recon-
struction procedures to create cell-centered and mesh-vertex
schemes on triangular and quadrilateral control volumes.
When a high-order reconstruction approach was used, Earth
and Frederickson4 developed a class of high-order-accurate
schemes. By introducing so-called ghost nodes and employing
MUSCL differencing with conserved variables, Whitaker et
al.5 presented a numerical procedure of a cell-vertex scheme
on pure triangles. It is known that these approaches3"5 place
the upwind direction normal to the face of the computational
cell across which the fluxes are computed and are thus mesh
dependent.7 To match the finite difference stencil to flow
physics, rotated upwind algorithms were developed on struc-
tured rectangular grids.7'8 Even though the rotated scheme can
improve the resolution of the numerical solution, Dadone and
Grossman7 mentioned that their formulation requires the solu-
tion of two Riemann problems at each cell face. To maintain
the simplicity of the mesh-dependent upwind solver while
increasing its accuracy and robustness, an adaptive cell-vertex
upwind scheme is developed in the present work. The numeri-
cal formulation presented by Whitaker et al.5 is modified and
extended to mixed quadrilateral-triangular meshes. For the
current approach, the characteristic interpolation variables are
employed in the MUSCL differencing. The mixed grid system,
where directionally stretched quadrilaterals are created in the
flow regions having one-dimensional features, is generated by
improving the existing global/local mesh regeneration al-
gorithm.9

One of the major difficulties in implementing cell-vertex
schemes is the treatment of wall boundary conditions for
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inviscid flow. On the triangular meshes, first- and second-or-
der-accurate normal extrapolations, as well as the solution of
conservation equations at the wall surface, have already been
introduced in Ref. 5. For the normal extrapolations, flow
tangency was enforced, and all flow variables were found
from those of the interior nodes. When the Euler equations
were solved at the wall boundary, a simple center difference
method was used, and a normal extrapolation of entropy was
performed to remove the spurious entropy generated by this
approach. As mentioned in Ref. 5, a convergent solution of
the blunt body flow could not be obtained by solving the
governing equations at the wall. For the shock reflection prob-
lem, Dadone and Grossman7 indicated that normal extrapola-
tion can result in a possible inconsistency since even with
infinitely small cell size an oblique shock may lie between the
boundary surface and the nearest cell center. The characteris-
tic boundary condition was employed and proved to give
better results than normal extrapolation for this computa-
tional problem. More recently, Dadone10 further inspected the
characteristic boundary condition and revealed that some os-
cillations exist in the direction normal to the wall surface.
Moreover, both simple extrapolation and characteristic treat-
ment fail to give satisfactory results. Following this discus-
sion, a new treatment of the boundary condition, which is
based on the concept of rotated extrapolation, is developed in
the present work. To evidence the capability of the current
boundary treatment, the numerical results are compared to
those obtained by using the normal extrapolation and the
characteristic boundary condition.

In this paper, an adaptive cell-vertex finite volume upwind
approach, which includes Roe's Riemann solver, MUSCL dif-
ferencing with characteristic interpolation variables, a new
rotated boundary treatment, and a modified global/local re-
generation technique, is developed on mixed quadrilateral-tri-
angular meshes. By incorporating Runge-Kutta time integra-
tion with the adaptive upwind space discretization, which was
mentioned earlier, the isolated oblique shock problem, shock
reflection at a wall, supersonic flow passing through a channel
with a 4% circular arc bump, transonic flows over the single
and two-element NACA-0012 airfoils, and shock propagation
in a channel are investigated. Based on those numerical exper-
iments, the present solution procedure is accurate, reliable and
suitable for studying the steady and unsteady inviscid flows.



62 HWANG AND WU: ADAPTIVE FINITE VOLUME UPWIND MESHES

Governing Equations
By choosing the characteristic length and flow properties at

the inlet or under freestream conditions as reference variables,
the two-dimensional Euler equations can be written in nondi-
mensional form for the Cartesian coordinate system:

=
dt dx dy ~

where
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The unknown variables p, u, v, and e represent the gas density,
velocity components in the x andy directions, and total energy
per unit volume, respectively. The working fluid (air) is as-
sumed to be perfect, and the pressure P is defined by

(3)

where the ratio of specific heats 7 is typically taken as being
1.4.

Numerical Algorithm
By integrating Eq. (1) over space and applying the Gauss

theorem, the following integral form is obtained

(4)— I I U dA + \ (Ei + Gj) - n dl = 0

where n is the outward unit normal vector. The variable 12 is
the domain of computation, and dfi is the boundary of the
domain. For the present cell-vertex scheme, the two-dimen-
sional domain 12 is discretized into triangles and quadrilater-
als, and the flow variables are stored at the vertices, such as Vt
and Vj (see Fig. 1). By connecting the centroid of each polygon
(triangle or quadrilateral) to the midpoints of its sides, the
polygon is broken into subelements and a dual mesh is
formed. As shown in Fig. 1, a dual mesh cell C/ is defined by
the collection of subelements sharing the same vertex F/, and
the boundary of the cell is denoted by dC/. Assuming that the
flow variables at the vertex Vf have average values of the
integrated variables in C/, Eq. (4) can be written as:

dU
AREA(C/) — = -

at
F(n) dl (5)

where AREA(C/) is the area of the cell C/, and F(n) is the flux
oriented along the outward unit normal n [i.e., F(n) = (nx
E + riyG)]. To achieve the time integration on the left-hand
side of Eq. (5), a two-step Runge-Kutta method,11 which re-

CENTROIDS

Fig. 1 Representative unstructured grid, dual cell, edge of an un-
structured mesh, and locations of ghost nodes.

suits in second-order time-accurate solutions, is employed for
unsteady flows. A four-stage Runge-Kutta scheme with non-
standard weighting of the Runge-Kutta stages, local time
steps, and residual smoothing5 is introduced to study the
steady flow problems. In the current cell-vertex formulation,
the right-hand side of Eq. (5) is evaluated by

F(n)d/= (6)

where L(F/) is the list of vertices surrounding F/, and the
subscript y denotes the vertices contained in L(F/). Fitj repre-
sents the numerical approximation for the oriented flux across
the dual cell edge having the boundary length A//J (see Fig. 1).
In this work, the terms n and A//J of Eq. (6) are obtained by
the area-averaged approach.5

To implement the upwind approach, Roe's flux difference
splitting6 is employed. The flux at the cell interface Ffj can be
expressed as a function of two fluid dynamic states (UL and
UR):

Fu=H(UL,UR)=l/2[FL + FR- \A \(UR-UL)] (7)

where \A \ is a positive definite matrix formed from the flux
Jacobian dF/dU,6 and the superscripts R and L indicate the
right and left fluid states, respectively. By equating both states
to the properties stored at vertices F; and F/, first-order approx-
imations for U and UR can be obtained. To achieve a high-
order upwind scheme, the left and right Riemann states UL

and UR are found by a preprocessing approach. In this work,
MUSCL differencing12 is utilized to interpolate the properties
at the cell interface using the variables stored at the cell
vertices. In the interpolation procedure, both central and up-
stream differences are required. The ghost nodes V\ and Fj
(see Fig. 1), which are located equidistantly along the line
connecting Vf and Vj, are introduced. In order to evaluate state
variables at ghost nodes, the simple interpolation technique,5
originally formulated on pure triangles, is extended to the
mixed quadrilateral-triangular meshes. In this work, the in-
terpolation variables (conserved, primitive, or characteristic
ones7) are combined with different limiter functions to under-
stand the features of the current approach.

To prevent numerical oscillations near the high gradient
regions, three limiters, which include the minimum-modulus
(MINMOD)12 and those presented by van Albada et al.13 and
Hemker and Koren,14 are employed. In the following discus-
sion, the variables at nodes F/, F/, V\, and Vj are denoted as
Q/» QJ, Q't> and QJ, respectively. When the MINMOD limiter
function is used, the MUSCL differencing formulas can be
written as:

(8)

(9)

(10)

(U)A+Q=minmod(A+Q,

where the backward and forward differences are, respectively,A-(&)=fi-e/ , A+(e/)=a-e/, A_(Q/)=a-a, and
A+(Q/) = Q j -Qj. The parameter /c, which controls the spatial
accuracy, is taken as being 1A, and the compression factor 0 is
no greater than (3 - *)/(! - AC). In Eqs. (10) and (11), the MIN-
MOD function is defined as

max{0, mm[a (12)

In contrast to the discontinuous behavior of the MINMOD
function, van Albada et al.'s limiter acts in a continuously
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differentiable manner. By using van Albada et al.'s limiter,
the MUSCL differencing formulas are expressed as follows:

where
2 A _ A + + 6

(13)

(14)

(15)

and d is equal to 10~6. For the limiter of Hemker and Koren,
the MUSCL differencing formulas in Eqs. (13) and (14)
are used with Si = (3A+A_)/[2(A+)2 + 2(A_)2-A_] and s2
= (3A+A_)/[2(A+)2 + 2(A_)2-A+].

Rotated Boundary Conditions
In the present calculations, since the flows are inviscid, the

flow tangency at the wall is specified. As previous numerical
implementations failed to give satisfactory results,5'7'10 a new
rotated extrapolation boundary treatment is developed in this
paper. The properties at the boundary node are obtained from
those of interior points by extrapolating along a unit vector a,
which indicates the direction of mininmum variation for a
chosen flow property. This vector is set outward normal to the
gradient of pressure and is determined for every interior node
neighboring the boundary (// in Fig. 2). The corresponding
pseudopoint (P/ in Fig. 2) is located at the intersection of a
and the boundary surface. For the first-order-accurate ap-
proach, properties at a pseudopoint represent those of the
corresponding interior node. In order to achieve second-order
accurate rotated extrapolation, the properties at pseudopoints
QP. are determined by the following equation:

(16)

where QP. and Qr. represent the primitive variables at pseudo-
point PI and interior node //, respectively, and Lf.9p. is the
position vector from /j to P/. After all of the values W QP. are
obtained, the boundary nodes (Bt in Fig. 2) properties QB. can
be found from the linear interpolation of QP.. Note that the
present rotated extrapolation technique is not 'limited to treat-
ing wall boundary conditions, but can also be applied to
supersonic outflow boundary. In the present calculations, the
pseudopoints are redistributed at every stage of the Runge-
Kutta integration.

The numerical experiments indicate that the procedure em-
ployed in determining the vector a may result in the following
problems: 1) for a flow region possessing a very small pressure
gradient, the randomly directed a will lead to the irregular
distribution of pseudopoints, and 2) when the vector a is
nearly parallel to the boundary surface, it becomes very diffi-
cult to accurately locate a pseudopoint. In order to solve these
two problems, the pressure gradient at the interior point I19
(V/?)/. is normalized and filtered by the following weighting
formula:

where

w = minimum (1.0,w*)

w* =

(17)

(18)

(19)

In Eqs. (17-19), (Vp)f. represents the normalized and filtered
pressure gradient at interior point //. I Vp J avg is the average
value of the unfiltered pressure gradients of all interior point

BOUNDARY
B3

Fig. 2 Configuration of boundary cells for rotated extrapolation.

neighboring the boundary, and tj. is a unit vector tangent to
the boundary surface at interior node //. For example, f/4 is
parallel to the boundary segment B3B4 (see Fig. 2). With this
filtering process, the value of w approaches zero when the
pressure gradient is much smaller than the average value, or
when the vector (V/0/,- is almost normal to the unit vector tj..
Under these limiting conditions, the normalized and filtered
pressure gradient (Vp)f. is almost equal to the unit vector tj.9
and thus normal extrapolation can be used in both cases. To
demonstrate the reliability and accuracy of the rotated
boundary condition, supersonic shock reflection at a wall is
investigated. The results are compared to the conventional
normal extrapolation and characteristic approach, the latter
being derived from the characteristic treatment of incompress-
ible flows.15

Mesh Generation
All of the computations in this paper were performed on

meshes generated by modifying the global/local remeshing
algorithms that were proposed by Hwang and Wu.9 This ap-
proach consists of construction of a background grid, specifi-
cation or computation of remeshing parameters (node spac-
ing, stretching direction, and ratio of stretching), distribution
of boundary and interior nodes, triangulation, and combina-
tion of triangles into quadrilaterals. The background grid is
used to provide a piecewise linear spatial distribution of the
remeshing parameters. Nodal points are distributed according
to the remeshing parameter, and those nodes are connected
into a complete mesh by using the vertex-based triangulation
technique. Mixed quadrilateral-triangular meshes are obtained
by a combination procedure, which couples two triangles into
a new quadrilateral when the common side of the two triangles
is the longest one of those two triangles. For the computation
of unsteady flow, the remeshing method is localized to mini-
mize the region to be regenerated. This is achieved by recover-
ing those elements and nodes on which the remeshing parame-
ters are not changed significantly. A more detailed description
of the mesh generation technique is given in Ref. 9. In the
present study, some improvements, including the calculation
of node spacing and the concept of dual background grids, are
introduced.

Node Spacing
By using the gradient of a key variable <?, the following

expression is applied to find the node spacing at the node i:

«52| . = const (20)

where <p is the selected key variable, <5/ the spacing at node /,
and I V < p l / the absolute value of the gradient of <p at node /.

In Ref. 9, flow density was selected as the key variable, and
the constant was taken as the product of a specified minimum
node spacing and the maximum value of the absolute gradi-
ents over the domain. However, the use of a maximum abso-
lute gradient may give results that are strongly dependent on
the behavior of the single point whose solution gradient is
largest. Furthermore, when the flow properties over the entire
domain become smooth in some unsteady problems, the num-
ber of elements increases significantly since all of the node
spacings are almost equal to the specified minimum value. In
this work, the constant in Eq. (20) is determined by the prod-
uct of a specified average node spacing and the average abso-
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lute value of the gradients to solve these problems. All node
spacings computed by Eq. (20) must be limited to the specified
maximum and minimum values.

Dual Background Grids
Both kinds of background grids (primary and secondary)

are utilized in this paper to provide a piecewise linear distribu-
tion of the remeshing parameters. The primary background
grid is essential for the construction of a mesh. This mesh,
which consists of only a few elements and nodes, is used to
specify the remeshing parameters based on geometrical re-
quirements of the computational domain. The secondary
background grid is a complete one on which solutions have
been obtained. Remeshing parameters on each node of this
background grid are found by the error indicator, a necessary
procedure when creating an adaptive mesh. In general, the
secondary background grid alone is enough to generate a new
mesh. However, when some boundaries of the domain are
curved, coarse elements on them are to be avoided, and a
certain level of node intensity is needed to maintain a satisfac-
tory shape of the geometry. In this situation, not only is the

REGULAR TRIANGULAR MESH

STRETCHED TRIANGULAR MESH STRETCHED MIXED MESH

Fig. 3 Meshes for the isolated oblique shock problem: stretched
triangles (2046 elements, 1087 nodes) and stretched mixed mesh (1191
elements, 1087 nodes).

EXACT SOLUTION
CONSERVED VARIABLES ———— CONSERVED VARIABLES
PRIMITIVE VARIABLES —..—.. P R I M I T I V E VARIABLES
CHARACTERISTIC VARIABLES ——- CHARACTERISTIC VARIABLES
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Fig. 4 Pressure distributions along X = 1.17188 and the correspond-
ing convergence histories for the isolated oblique shock problem:
comparison of interpolation variables on structured quadrilaterals,
regular triangles, stretched triangles, and stretched mixed mesh.

(XXXX)

»AAf

STRETCHED TRIANGULAR MESH

STRETCHED MIXED MESH

Fig. 5 Meshes for the shock reflection at a wall: regular triangles
(1340 elements, 726 nodes), stretched triangles (1159 elements, 621
nodes), and stretched mixed mesh (900 elements, 621 nodes).

secondary background mesh required, but also the primary
one. For each node on the secondary background grid, two
sets of node spacing are found; one is determined from the
error indicator, and the other is obtained by linear interpola-
tion of the node spacings on the primary background mesh.
The smaller node spacing is adopted for mesh regeneration.
For the computations of transonic flows around single- and
two-element airfoils, the technique employing dual back-
ground grids is used to generate the adapted mixed meshes.

Results and Discussion
Isolated Oblique Shock

With different interpolation variables in the MUSCL differ-
encing, an isolated oblique shock problem is investigated to
show the merit of using characteristic variables in the upwind
finite volume approach. In this flow problem, the freestream
Mach number and incident shock angle are equal to 2.9 and 29
deg, respectively. On the rectangular 2.0 x 1.5 computational
domain, the following four grid systems are employed: struc-
tured quadrilaterals (1024 elements, 1089 nodes), regular tri-
angles (2018 elements, 1071 nodes), stretched triangles (2046
Clements, 1087 nodes), and stretched mixed mesh (1191 ele-
ments, 1087 nodes). Note that the number and locations of
nodes for the stretched mixed mesh are the same as those of
the stretched triangular mesh (see Fig. 3).

By using the MINMOD limiter, the conserved, primitive
and characteristic interpolation variables are introduced. On
the four grid systems, the resulting pressure distributions
along X = 1.17188 and corresponding convergence histories
of maximum density residual are shown in Fig, 4. For the
structured quadrilateral mesh, both conserved and primitive
variables lead to overshoot in the pressure distributions and
limit cycles in convergence histories, whereas the characteristic
variables give satisfactory solutions and convergence. These
observations are similar to those in Ref. 7. On the unstruc-
tured meshes, not one of the three types of interpolation
variables cause significant differences in pressure distribution.
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However, the characteristic variables still give the best conver-
gence performance where the maximum residual of density
can all be reduced to 10 ~6. In addition to the numerical
performance mentioned earlier, the mixed quadrilateral-trian-
gular mesh is capable of resolving an oblique shock with fewer
nodes than other grid systems. As we can see from the preced-
ing discussion, the characteristic variables are well suited for
the present upwind formation, and they are adopted in the
following computations.

Oblique Shock Reflection at a Wall
To evaluate the accuracy and feasibility of the present

boundary treatment, the problem of oblique shock reflection
at a wall is studied. In this flow problem, the freestream Mach
number and incident shock angle are 2.9 and 29 deg, respec-
tively. On a rectangular 4.0x1.5 computational domain,
the following grid systems are employed: the regular triangu-
lar, stretched triangular, and mixed quadrilateral-triangular
meshes. As shown in Fig. 5, both stretched mesh systems have
the same distributions of nodes. Flow properties are specified
on the left arid upper planes, and the following three types of
boundary treatments on the wall surface and outflow plane
are used: 1) first-order-accurate normal extrapolation on the
wall and exit plane, 2) characteristic extrapolation on the wall
and first-order-accurate normal extrapolation on the exit
plane, and 3) first-order-accurate rotated extrapolation on
both the wall and exit plane. When van Albada et al.'s limiter
is introduced on the regular triangular mesh shown on the top
of Fig. 5, the resulting Mach number contours (see Fig. 6)
indicate that normal extrapolation leads to a significantly
smeared oblique shock on the wall surface. Note that, even
though the characteristic boundary condition gives better reso-
lution of the shock, small oscillations are generated normal to
the wall surface. Similar behavior was also observed in Ref.
10. As evidenced in Fig. 6, the current rotated extrapolation
technique provides satisfactory results on both the wall sur-
face and exit plane.

NORMAL EXTRAPOLATION BOUNDARY CONDITION

CHARACTERISTIC BOUNDARY CONDITION

ROTATED BOUNDARY CONDITION

Fig. 6 Mach number contours (level = 0.05) of the shock reflection at
a wall: comparison of boundary conditions on the regular triangular
mesh shown in Fig. 5.

Y = 0

EXACT
x STRETCHED T R I A N G U L A R MESH
a STRETCHED M I X E D MESH

MINMOD FUNCTION
3.&! Y = 0.5

VAN ALBADA'S FUNCTION
3.5-,

HEMKER'S FUNCTION
3.6-,

Fig. 7 Pressure distributions along Y = 0 and 0.5 for the shock re-
flection at a wall.

INITIAL TRIANGULAR MESH: 1341 ELEMENTS, 728 NODES

FIRST ADAPTED MIXED MESH: 2917 ELEMENTS, 1651 NODES

FINAL ADAPTED MIXED MESH: 3445 ELEMENTS, 2015 NODES

Fig. 8 Initial triangular mesh, first and final adapted mixed meshes,
and the corresponding pressure contours for supersonic flow passing
through a channel with a 4% circular arc bump.

By using rotated boundary conditions and three types of
limiters on the stretched triangular and mixed quadrilateral-
triangular meshes, the resulting pressure distributions along
Y = 0 and 0.5 are presented in Fig. 7. From the results illus-
trated in Figs. 5 and 7, the use of mixed meshes has the
following advantages: 1) fewer elements are required, 2)
shocks are resolved with a minimum number of transition
nodes, and 3) the results are less sensitive to the limiters. From
this discussion, it is apparent that rotated boundary conditions
and mixed quadrilateral-triangular meshes should be used in
the following computations.

Supersonic Flow Passing Through a Channel with a 4%
Circular Arc Bump

For the case of supersonic flow (Mx = 1.4) passing through
a channel with a 4% circular arc bump, the present upwind
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Fig. 9 Mach number distributions along the lower wall for super-
sonic flow passing through a channel with a 4% circular arc bump.

INITIAL TRIANGULAR MESH: 6927 ELEMENTS, 3561 NODES

ADAPTED MIXED MESH: 9644 ELEMENTS, 6241 NODES

the initial triangular and adapted mixed quadrilateral-triangu-
lar meshes. The grids are shown together with their corre-
sponding Mach number contours in Fig. 10. From an exami-
nation at these results on the adapted mixed meshes, it is
apparent that high-resolution results are achieved. For the
three kinds of limiters, the pressure coefficient distributions
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X

Fig. 11 Pressure coefficient distributions along the airfoil surface
and the corresponding convergence histories for the transonic flow
over the NACA-0012 airfoil.

Fig. 10 Transonic flow over the NACA-0012 airfoil: the initial grid,
adapted mixed mesh, and the corresponding Mach number contours.

approach, utilizing second-order-accurate rotated boundary
treatment and characteristic interpolation variables, is imple-
mented on mixed quadrilateral-triangular meshes. When the
MINMOD limiter is applied, the initial triangular mesh, first
and final (third) adapted mixed meshes, and the correspond-
ing pressure contours clearly indicate the shock structures in
the flowfield (see Fig. 8). The proposed rotated boundary
treatment gives satisfactory results on the wall surface and exit
plane. For the other two limiter s, similar results are obtained.
On the final adapted mesh (see Fig. 8), the Mach number
distributions along the lower wall surface are plotted in Fig. 9.
The numerical solutions are not sensitive to the limiter s, and
the shocks are well resolved in comparison to Ni's results.16

Transonic Flow over the NACA-0012 Airfoil

To prove the capability of the present upwind approach for
solving transonic external flows, a NACA-0012 airfoil flow
with a Mach number of 0.8 and the angle of attack equal to
1.25 deg is investigated. In this study, the outer boundary is
taken as a rectangle of 21 x 20 chords. The second-order-ac-
curate rotated boundary condition is used on the airfoil sur-
face, and one-dimensional characteristic analysis is applied to
the far-field boundary. In order to keep the mesh sizes uni-
form near the airfoil, pure triangles are used in this region.
Van Albada et al.'s limiter is used to obtain the solutions on

INITIAL TRIANGULAR MESH: 9706 ELEMENTS, 5022 NODES

ADAPTED MIXED MESH: 10172 ELEMENTS, 6321 NODES

Fig. 12 Transonic flow around a two-element airfoil: the initial grid,
adapted mixed mesh, and the corresponding Mach number contours.
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T = 0.05 EXACT SHOCK POSITION = 0.5

T = 0.20 EXACT SHOCK POSITION = 2.0

Fig. 13 Shock propagation in a channel: adapted mixed meshes and
the corresponding pressure contours at T - 0.05 and 0.2.

along the airfoil surface and the convergence histories are
plotted in Fig. 11. The shock positions and the strengths are
comparable to those obtained by the locally implicit symmetri-
cal total-variation-diminishing scheme,2 whose adapted mesh
is composed of pure triangles. In a similar manner to previous
test examples, different limiters do not introduce significantly
different results when the current approach is applied on the
mixed quadrilateral-triangular mesh.

Transonic Flow Around a Two-Element Airloil
To demonstrate the availability of the present approach for

computing flow passing through a domain with complex ge-
ometry, the flow around a two-element airfoil is investigated.
The transonic flow considered here is of a staggered biplane
configuration consisting of two NACA-0012 airfoils with a
freestream Mach number of 0.7 and an angle of attack equal
to zero. In this example, the outer boundary is taken as being
a rectangle of 21 x 20 chords and the boundary treatments
remain the same as those for the single airfoil flow. Hemker
and Keren's limiter is used to obtain the solutions on the
initial triangular and adapted mixed quadrilateral-triangular
meshes. The grids are shown together with their corresponding
Mach number contours in Fig. 12. An inspection of the grid
distributions and the Mach number contours indicates that the
shock between two airfoils is better resolved on the mixed
mesh system.
Shock Propagation in a Channel

To evidence the ability of the present adaptive finite volume
approach to handle the unsteady flows, a shock propagation
problem is studied. In this example, a strong shock with a
shock Mach number of 10.0 moves to the right along a 2.5
x 0.5 rectangular channel from position X = 0.0 at T = 0.0. By
using the local remeshing technique,9 the mesh is regenerated
every 20 time steps. Linear interpolation is used to transfer the
variables onto a newly generated mesh. As mentioned in Ref.
9, this nonconservative interpolation procedure does not in-
troduce significant error in the numerical results. Solutions are
achieved by advancing at a constant time step corresponding
to a Courant number of 0.1, which is based on minimum node
spacing. By applying van Albada et al.'s limit er, the adapted
mixed meshes and the corresponding pressure contours at
T = 0.05 and 0.2 are obtained and plotted in Fig. 13. In
comparison to the exact shock positions, the shock is propa-
gating with satisfactorily high resolution and time accuracy.
From the preceding discussion, it is obvious that the present
adaptive finite volume upwind approach, which is coupled
with the local remeshing technique, provides an effective and
accurate way for investigating unsteady flow problems.

Conclusions
In the present paper, a solution-adaptive cell-vertex finite

volume upwind approach has been developed to solve the

unsteady Euler equations on unstructured mixed quadrilat-
eral-triangular meshes, where the quadrilaterals are direction-
ally stretched in the flow regions having one-dimensional fea-
tures. This approach incorporates Runge-Kutta time inte-
gration, Roe's Riemann solver, MUSCL differencing with
characteristic interpolation variables, a new treatment of the
rotated extrapolation boundary condition, and an improved
technique of solution-adaptive mesh regeneration. In the com-
putations of an isolated oblique shock, the characteristic inter-
polation variables give better results than conserved and prim-
itive variables. For an oblique shock reflection at a wall, the
present rotated extrapolation boundary treatment provides
satisfactory results on the wall surface and exit plane in com-
parison with the normal extrapolation and characteristic
boundary condition. From the two examples just mentioned,
the advantages of using mixed quadrilateral-triangular meshes
are presented and confirmed. To demonstrate the reliability,
accuracy, and robustness of the current approach, supersonic
flow passing through a channel with a 4% circular arc bump,
transonic flows around single- and two-element airfoils, as
well as unsteady shock propagation in a channel are investi-
gated. The numerical experiments indicate that the present
solution procedure provides accurate and high-resolution re-
sults with good performance of convergence for compresssi-
ble, in viscid, steady, and unsteady flows.
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